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A novel analytical model that considers the thermal contact resistance (TCR) at the interface between the
sorbent layer and heat exchanger (HEX) is developed to investigate the oscillatory heat transfer and per-
formance of coated sorption beds. The governing energy equation is solved using an orthogonal expan-
sion technique and closed-form relationships are obtained to calculate the temperature distribution
inside the sorbent coating and HEX. In addition, a new gravimetric large pressure jump (GLAP) test
bed is designed to measure the uptake of sorption material. Novel graphite coated sorption beds were
prepared and tested in the GLAP test bed. The model was successfully validated with the measurements
performed in the GLAP test bed. It is found that specific cooling power (SCP) of a sorption cooling system
(SCS) enhances by increasing the sorbent thermal diffusivity and decreasing the TCR. For example, SCP of
the sorption cooling system (SCS) can be enhanced from 90 to 900 (W/kg) by increasing the sorbent ther-
mal diffusivity from 2.5e—7 to 5.25e—6 (m?/s) and decreasing the TCR from 4 to 0.3 (K/W). Moreover, the
results show that SCP increases by reducing the HEX to sorbent thickness ratio (HSTR). Therefore, the pro-
posed graphite coated sorption beds with high thermal diffusivity and low thickness are suitable for sorp-

Keywords:

Oscillatory heat transfer
Sorption cooling system
Analytical modeling
Thermal contact resistance
Thermal diffusivity

tion cooling applications.
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1. Introduction

Conventional vapor compression refrigeration systems con-
sume approximately 15% of global electrical energy and have a sig-
nificant carbon footprint [1]. Sorption cooling systems (SCS), with
working pairs such as water and silica gel or CaCl,-silica gel, can
be driven with low-grade heat, i.e. temperature sources below
100 °C, which is used to regenerate the sorbent material. However,
commercialization of SCS faces fundamental challenges, including:
(i) low specific cooling power (SCP), due to poor heat transfer
between sorber bed heat exchanger (HEX) [2-4] and the loose
grain or coated sorbent, which ultimately leads to large sizes for
SCS; and (ii) low coefficient of performance (COP). Granular packed
sorbent bed design offers the advantage of higher mass transfer
rates and lower cost of manufacturing; nonetheless, heat transfer
rate in packed beds are inherently poor due to the point contacts
between HEX and grains as well as to the low thermal diffusivity
of the sorbent material [5]. Coated sorbent beds can improve heat
transfer rate, as there is a higher conductance between the heat
exchanger surface and the sorbent material. However, for thin
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coatings (0.1-5 mm), the relative thermal inertia of the HEX metal
mass is considerable, which deteriorates the sorption efficiency
and SCP. The importance of HEX thermal inertia results from the
oscillatory heat transfer inside the sorber beds. Sorber beds need
to be cooled down/heated up during sorption/desorption phases
because of their exothermic/endothermic nature, and these oscilla-
tory cool down/heat up processes are performed with the heat
transfer fluid flowing through the sorber bed HEX. The oscillatory
thermal behavior of SCS makes the thermal diffusivity of the sor-
bent coating and HEX crucially important in determining its per-
formance. Moreover, the thermal contact resistance between the
sorbent (for both coated layer and particles) and the HEX surface
is key and can be up to 26% of the bulk thermal resistance inside
a sorber bed [6,7]. Thus, the heat transfer characteristics of sorber
beds have a tremendous impact on the overall performance, SCP
and COP of SCS and should be thoroughly investigated.

Mathematical modeling is a primary tool for design and opti-
mization of sorption cooling systems that if used properly in con-
junction with experimental studies, can reduce the cost and save
time. The simplest approach to study the sorber beds is thermody-
namic modeling. These models are fairly simple and cost-effective;
however, they can only predict the upper performance limits of a
SCS [8-12].

Another method to investigate the sorption beds is to adopt a
lumped model, which is based on the assumptions of a uniform
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Nomenclature

A heat transfer area, m?

[ specific heat capacity, J/kg K
Fo Fourier number

gi dimensionless heat generation
H enthalpy, J/kg

Ja Jacob number

k thermal conductivity, W/m K
p pressure, Pa

Po saturation pressure, Pa

Q cooling energy, ]

R dimensionless thermal contact resistance
T temperature, K

t time, s

X eigenfunction

X coordinate

Greek symbols

thermal diffusivity, m?/s

eigenvalue

gamma function

dimensionless coordinate

dimensionless thermal conductivity ratio
dimensionless thermal diffusivity ratio

TAS ™R

0 dimensionless temperature

) density, kg/m>

T cycle time, s

Q dimensionless angular frequency of the sorption cycles
® sorbate uptake, g/g dry sorbent

Subscripts

0 initial condition

evap evaporator/evaporative

sorb sorbent

sorp sorption

Abbreviations
cop coefficient of performance
HEX heat exchanger

HSTR HEX to sorbent thickness ratio
GLAP gravimetric large pressure jump
PVP polyvinylpyrrolidone

SCP specific cooling power

SCS sorption cooling system

TCR thermal contact resistance

TGA thermogravimetric Analysis

sorbent temperature, uniform sorption of the refrigerant and ther-
modynamic equilibrium between the solid and gaseous phases. In
such models, inter-particle mass transfer and heat transfer resis-
tances are neglected, while the time derivative terms of tempera-
ture and sorbate uptake are considered. Energy balance, mass
balance and sorption equilibrium equations are solved to acquire
the temperature, pressure and sorbate uptake [13-18].

Finally, heat and mass transfer models take into account the
variation of sorbent temperature and sorbate uptake with time
and space by including convection and diffusion terms in the gov-
erning equations. These models solve four governing equations
simultaneously: mass conservation, energy balance, momentum
equation, and sorption equilibrium. The complexity and nonlinear-
ity of such coupled partial differential equations exclude the possi-
bility of having an analytical solution. Consequently, numerical
methods such as finite difference [19-24], finite volume [25-30]
and finite element methods [31] are the only feasible approach,
but they require high computational time.

In the present model, the temperature and uptake in sorption
bed vary with time and space. The governing equations are solved
using an orthogonal expansion technique, which is an analytical
approach and can generate closed-form relationships [32]. In addi-
tion, this model takes into consideration the TCR between sorbent
and HEX while the majority of available studies have neglected it.
The present analytical model can accurately predict the oscillatory
temperature distribution, heat transfer rate and the performance of
coated sorption beds considering the TCR at the sorbent-HEX
interface.

2. Governing equations

The solution domain consisting of sorbent coating and HEX is
shown schematically in Fig. 1. Initially, the sorbent domain is at
temperature T; o and the HEX is at T,,. Continuity of heat flux as
well as temperature jump/drop induced by TCR are considered at
the interface between the sorbent coating and HEX. The following
is the list of assumptions used in the development of the present
model:

e The thickness of sorbent and HEX is uniform and sufficiently
small compared to the other dimensions; thus, the energy equa-
tion can be assumed one-dimensional;

e The outer surface of the sorbent is assumed adiabatic. The con-
vective heat transfer is negligible due to very low operating
pressure (1-5 kPa) and the radiative heat transfer is negligible
due to low temperature difference between the sorbent and
its surrounding (10-20 K);

e Thermophysical properties of the sorbent and HEX are assumed
constant;

o Convective effects of the sorbate inside the sorbent coating are
negligible.

As such, the energy equation for the sorption layer and HEX can
be written as follows.

PTix,t) | o aTi(x, t)
a5+ Gi(t) = X <KX <K
% X2 + k; Gi(t) ot Xi1<X<Xx,t>0 )
i=1,2
psarbHSUY‘IJLZTW7 i=1
Gi(t) = t 2
o {0, P2 @

where i=1 and i=2 represent the sorbent and HEX domains,
respectively. The boundary conditions are

7 Sorbent HEX

LR

Fig. 1. Schematic diagram of the solution domain consisting of sorbent coating and
HEX.
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Furthermore, the initial condition is

T] (X7 0) = T]_yo, Tz(X, 0) = Tz‘o (7)

The following non-dimensional variables are defined as follows.
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where 0; is the dimensionless temperature of the ith layer, the Four-
ier number, Fo, is the dimensionless time, 1 is the dimensionless
coordinate, g; is the dimensionless heat generation inside the ith
layer and R. is the dimensionless thermal contact resistance. Using
the aforementioned dimensionless variables, the dimensionless
energy equation as well as boundary and initial conditions can be
obtained as follows.

iazeia(;;z,Fo) \ g (Fo) = ae,»g;,oFo) N Tlo dng;(()Fo) 8)
90, (0(31 Fo) o)
90, (81’7 Fo)_ . aez(aln, Fo) 10
f%ﬁz%c(ﬁl(l,l“o)f@z(lfo)) (11)
03(x2/%1,F0) = 0 (12)
01(1.0) = 1120 gy 0) - 220 i) (13)

where Tyex(Fo) is the temperature at the outer surface of HEX,
which can have any oscillatory profile. Fourier series in the form
of Eq. (14) are used to represent this oscillatory variation of HEX
temperature.

4
Thex (Fo) = ap + Z(a]f cos(jQFo) + b} sin(jQFo)) (14)
=1

2n
F Ocycle

where Q is the dimensionless angular frequency of the sorption
cycles.

3. Modeling of sorbate uptake

The present model solves the energy equation in sorber beds;
thus, the water uptake (source term in the energy equation) should
be modelled in terms of operating conditions of the sorption cycles,
to be specific, temperature and pressure. The isotherm plot of the
sorbent material, obtained using an IGA-002 thermogravimetric

sorption analyzer (TGA) (Hiden Isochema), is indicated in Fig. 2.
Sorbent material, consisting of 35 wt% CaCl,, 35 wt% silica gel
B150, 10 wt% PVP-40, and 20 wt% graphite flakes, is placed on
the sample cell, which is held by a microbalance to measure the
mass changes of the sorbent, while the temperature and pressure
are controlled. Using curve fitting, a compact relationship is
acquired to calculate the uptake as a function of pressure and tem-
perature. Interestingly enough, the relationship between the
uptake and temperature can be approximated with a linear func-
tion for small temperature jump (<15 °C) as shown by Eq. (15).

w=mPip=m P

Po 0.1exp(20 — 5098/T) b~m'(p)T+b'(p)

(15)

where m and b are obtained by fitting a line to the TGA data. Also,
m’ and b’ are functions of the operating pressure at sorber bed.

A new gravimetric large pressure jump (GLAP) test bed was
custom-built in our lab to verify that the linear relationship
between uptake and sorbent temperature obtained from TGA
occurs in a real SCS. A schematic diagram of the GLAP test bed is
shown in Fig. 3(a). Sorbent material was coated on 0.9 mm thick
graphite sheets and installed in the GLAP test bed (Fig. 3(b)). To
simulate the operation of a sorption chiller the pressure was
stepped from 0.65 kPa to 2.33 kPa while the sample temperature
was maintained at 40°C. The sorber bed was placed on an
ML4002E Precision Balance with an accuracy of 0.01 g to measure
the mass of the sorbate uptake. K-type thermocouples with an
accuracy of 1.1 °C were passed via a feed-through in the vacuum
chamber to measure the sorbent temperature. The pressure of
the sorber bed and the evaporator/condenser is measured using
722B Baratron pressure transducer with the accuracy of 0.5%. The
instruments were interfaced with a PC through a data acquisition
system and software built in the LabVIEW environment.

The variation of water uptake versus sorbent temperature mea-
sured by GLAP test bed and TGA is shown in Fig. 4. It can be seen
that the results are in a good agreement; hence, Eq. (15) can be
used to model the sorbate uptake in terms of sorbent temperature
and sorber bed pressure.

It was demonstrated that variation of sorbate uptake with sor-
bent temperature can be approximated with a line for any given
pressure of sorber bed. Since sorption cycles operate between
two pressures (sorption/desorption), two constant-pressure lines
can represent the sorption phases (Fig. 4). At the beginning of sorp-
tion/desorption phases, sorbent temperature increases/decreases
rapidly at almost constant sorbate uptake until the bed pressure
reaches the evaporator/condenser pressure (considering the pres-
sure drop between the evaporator/condenser and the bed); subse-

1.6
1.2 4
—~~
\ y = 1.2465x - 0.0053
R2=0.9774
20 08 1
S|
0.4
0 ——————————

0 0.2 0.4 0.6 0.8 1
p/ py=p/(0.1exp(20-5098/T))

Fig. 2. TGA isotherm data for the sorbent material used.
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Fig. 3. (a) Schematic diagram of the GLAP test bed, (b) custom-built gravimetric
large pressure jump (GLAP) test bed.
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Fig. 4. Water uptake versus sorbent temperature (comparison between the results
acquired from GLAP test bed and TGA).

quently, the sorber bed is gradually cooled down/heated up to per-
form the sorption/desorption phases. The reason why the uptake
remains almost constant during this temperature jump/drop pro-
cess, is shown through a scale analysis on the energy equation in
Eq. (16). Therefore, the uptake is assumed constant during this

rapid process and the temperature jump/drop is taken into account
as initial condition in the energy equation (T; ).

ca—Tfkﬂ—s— H. d_a)vmsgau Y e AT pHoy B
PCoE = “axz TP g PEAE ™~ PHsom Ay
= Ao~ BT <0005 (16)
Hsorp

4. Model development

An analytical model was developed to predict the temperature
distribution and heat transfer rate inside the sorbent coating and
HEX. The methodology of the solution is presented in Appendix
A. Performing an integration in Eq. (A20) as well as some algebraic
manipulation, the dimensionless temperature of sorbent and HEX
can be obtained as follows.

01(n, Fo) = i cos (\%_1 ’7) {f; e FiFo | i {rj‘n (COS (joFo) — e /;§F0>

=1

+5;n Sin(jwFo) }} (17)

0,(n,Fo) = i;(Czncos <\Z£611) + Dy, sin <\Z_’1;11>)
x [fﬁe’f%“’ + ji:{rj,n (cos(ja)Fo) - e*’*%”’) +Sjn sin(ja)Fo)}}

(18)

—jol g2 . jod,
Tin = —.]wznﬂn 4 (bj +] zj)
To((j)” + fy) Pa
Jolfy [, dob
Sin =\ T
To((je)” + f) Br
where a’j and b'; are the coefficients of the Fourier series fitted to the
HEX temperature profile (Eq. (14)).

5. Results and discussion

A code is developed in MATLAB to solve the transcendental
equation, Eq. (A5), as well as to calculate the dimensionless tem-
peratures of sorbent and HEX, Eqgs. (17) and (18). Our study indi-
cates that the first 3 terms in the series solution (n=1-3) is
accurate enough to yield the temperature distributions up to seven
decimal digits.

5.1. Model validation

The thermo-physical properties of sorbent and HEX are pre-
sented in Table 1. Moreover, TCR at the silica gel/copper interface
was measured by Sharafian et al. [6] using a guarded-hot plate
apparatus under vacuum pressure, and the range of 1.3-3.8 K/W
was reported. As can be seen in Fig. 5, the SCP values predicted
by the present model are in good agreement with those measured
with GLAP test bed. It is noted that the main uncertainty in SCP cal-
culation is due to the mass measurement of the sorbate uptake and
can result in the uncertainty of 0.5-3.5 W/kg.

5.2. Model discussion

The dimensionless temperature profile inside the sorbent coat-
ing and HEX for sorption and desorption phases is depicted on
Fig. 6. It is shown that the dimensionless temperature is positive/
negative during sorption/desorption phases due to heat genera-
tion/removal. In addition, it was found that for thin HEX (see
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Table 1
Thermo-physical properties and geometrical characteristics of sorbent and HEX.

k (W/mK) p (kg/m?) c (J/kg K) Hsorp (J/KE) o (m?[s) Thickness (mm)
Sorbent 0.45 1213 1319 2.77e6 2.8e-7 34
HEX 5 1550 748 - 4.3e—6 0.9
250
] +5%
< 200 A
3 J
g J
= J
. 0
2 150 -10%
., | OTCR=1.6 K'W
B ] X TCR=2.4 K/W
$ 100 1
1 O TCR=3 K/W
] OTCR=3.4K/W 0024 A—————————————————————————
50 —— 0 2000 4000 6000 8000 10000 12000
50 100 150 200 250 Fo=ta,/x’
SCP, experiment . ) o ) )
Fig. 7. Oscillatory variation of dimensionless temperature of the sorbent and HEX
Fig. 5. Validation of the present model with the experimental data. versus Fo number at different locations of sorber bed.
0.015 Table 2
' . o Various oscillatory heat transfer characteristics and geometrical specifications used
- At9wb /A@W = 69 /0 for parametric study.
5 Section Olsorp (M2/S) TCR (K/W) olex (M2/s) HSTR
—~~
531 2.5e-7 1 4e—6 0.25
2.5e-7 3 4e—6 0.25
2.5e-7 5 4e—6 0.25
2.5e-7 7 4e—6 0.25
2.5e-7 9 4e—6 0.25
532 1.25e-7 3 4e—6 0.25
— S G 1.875e-7 3 4e—6 0.25
S 01 ] _ .- orption 2507 3 4e-6 025
T - - = Desorption 3.125e-7 3 4e-6 0.25
1 ] 3.75e-7 3 4e—6 0.25
-0.015 A 533 2.5e—7 3 2e-6 025
0 0.5 1 L5 2.5e-7 3 3e-6 025
n= x/x 2.5e-7 3 4e-6 0.25
1 2.5e—7 3 5e-6 025
Fig. 6. Dimensionless temperature profile inside the sorbent coating and HEX 2.5e-7 3 be-6 0.25
during sorption and desorption phases. 534 2.5e-7 3 4e—6 0.25
2.5e-7 3 4e—6 1
2.5e-7 3 4e—6 1.75
2.5e-7 3 4e—6 2.5
Table 1) the temperature drop values of sorbent, sorbent/HEX TCR, 2.5e-7 3 4e—6 3.25
and the HEX make up 69%, 28% and 3%, respectively, of the total 53.5 2567 4 4e_6 0.25
temperature drop inside a sorber bed. The reason behind this is 1.5e-6 1 4e—6 0.25
the relatively low sorbent thermal diffusivity, high TCR at the sor- 2.75e-6 0.56 4e-6 0.25
bent/HEX interface and high HEX thermal diffusivity (Table 1). The gez_sfeife 8338 jﬁ:g g‘ig

temperature distributions clearly show that sorbent and sorbent-
HEX TCR are the main bottlenecks reducing the thermal perfor-
mance of SCS.

The oscillatory variation of dimensionless temperature at differ-
ent locations of sorber bed is shown in Fig. 7. It is seen that a sud-
den temperature jump/drop occurs at the beginning of sorption/
desorption phases; afterwards, the sorber bed is gradually cooled
down or heated up to perform the sorption/desorption phases.
Hence, what determines the SCS performance is how fast the sor-
ber bed can be cooled down/heated up after the temperature
jump/drop takes place. That clearly shows the importance of sor-
bent thermal diffusivity and the impact of TCR at the HEX-sorbent
interface.

5.3. Parametric study and performance evaluation

Specific cooling power (SCP) is defined as the ratio of evapora-
tive cooling energy to the product of cycle time and dry sorbent
mass. For the same sorbent mass, SCP represents the rapidity of
the cool down/heat up processes mentioned in Section 5.2. To
investigate various options to improve SCP, a parametric study
on the oscillatory heat transfer characteristics including sorbent
thermal diffusivity, HEX thermal diffusivity and thermal contact
resistance, also on HEX to sorbent thickness ratio (HSTR) is con-
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Fig. 8. Effect of thermal contact resistance on dimensionless temperature at (a) Fo
=350 (sorption phase), (b) Fo = 3000 (desorption phase), (c) n =0, and (d) SCP.
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Fig. 9. Effect of sorbent thermal diffusivity on dimensionless temperature at (a) Fo
=350 (sorption phase), (b) Fo = 3000 (desorption phase), (c) n =0, and (d) SCP.
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ducted in this section. The different values of oscillatory heat trans-
fer characteristics and geometrical specifications used for paramet-
ric study are presented in Table 2.

5.3.1. Effect of thermal contact resistance (TCR)

Fig. 8(a)-(c) shows the effect of thermal contact resistance on
dimensionless temperature inside the sorber bed, see Table 2. It
can be seen that the sorbent temperature decreases/increases dur-
ing sorption/desorption by decreasing TCR as the temperature
drop/jump at the sorbent-HEX interface decreases. Therefore, by
reducing the TCR, the sorber bed can be cooled down/heated up
faster during sorption/desorption phases; consequently, the SCP
of the SCS will enhance (Fig. 8(d)).

5.3.2. Effect of sorbent thermal diffusivity

Fig. 9(a)-(c) shows the effect of sorbent thermal diffusivity on
the dimensionless temperature inside the sorber bed, see Table 2.
It shows that the sorbent temperature decreases/increases during
sorption/desorption by increasing sorbent thermal diffusivity as
the heat conduction in the sorbent enhances and the sorbent ther-
mal inertia reduces. Hence, by increasing the sorbent thermal dif-
fusivity, the cool down/heat up processes of sorber bed are
accelerated during sorption/desorption phases, thereby enhancing
the SCP of the SCS (Fig. 9(d)).

5.3.3. Effect of HEX thermal diffusivity

Fig. 10 shows the variation of SCP with HEX thermal diffusivity,
see Table 2. It is evident that the thermal diffusivity of such thin
HEX has insignificant impact on SCP as the heat transfer perfor-
mance is limited by the low sorbent thermal diffusivity and high
TCR at sorbent/HEX interface.

5.3.4. Effect of HEX to sorbent thickness ratio (HSTR)

Fig. 11(a)-(c) shows the effect of HSTR on the dimensionless
temperature inside the sorber bed, see Table 2. It shows that the
bed temperature decreases/increases during sorption/desorption
by decreasing HSTR because the relative thermal resistance of
HEX to sorbent as well as the relative thermal inertia of HEX to sor-
bent reduce. Hence, decrease of HSTR hastens the cool down/heat
up processes of sorber bed during sorption/desorption phases,
which means a higher SCP of SCS (Fig. 11(d)).

5.3.5. Effect of sorbent thermal diffusivity and TCR

Fig. 12 shows the effect of sorbent thermal diffusivity in con-
junction with TCR on the SCP of the SCS studied in this paper,
see Table 2. When the sorbent-HEX TCR remains constant and 0ts.p

90
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Fig. 10. Effect of HEX thermal diffusivity on SCP of SCS.
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Fig. 12. Effect of sorbent thermal diffusivity and TCR on SCP.

increases, the improvement of SCP is much higher compared to the
case where o, remains constant and TCR reduces; hence, tsormp
has a higher impact on the SCP compared to TCR. However, simul-
taneous increase of o, and decrease of TCR results in remarkable
enhancement of the SCP. For example, SCP increases from 90 to
900 W/kg, (an order of magnitude) by increasing the sorbent ther-
mal diffusivity from 2.5e to 7 to 5.25e—6 (m?/s) and decreasing the
TCR from 4 to 0.3 (K/W). Therefore, both sorbent thermal diffusiv-
ity and TCR should be improved to enhance the SCS performance.

6. Conclusions

A novel analytical model was developed to study the oscillatory
heat transfer in sorber beds. A new gravimetric large pressure
jump (GLAP) test bed was designed in which large sample uptake
measurements were performed and validated against TGA uptake
values. A number of new graphite coated sorption beds were pre-
pared and tested in the GLAP test bed. The model was successfully
validated with the experimental data obtained with the GLAP test
bed. The temperature drop values of sorbent, sorbent-HEX TCR and
the HEX are found to make up 69%, 28% and 3%, respectively, of the
total temperature drop inside the sorber bed. It was found that the
sorbent thermal diffusivity, TCR at the sorbent-HEX interface and
HSTR had large impacts on the performance of an SCS. Thus, by
enhancing the sorbent thermal diffusivity, reducing the TCR and
using thin graphite sheets, the performance and SCP of SCS can
be improved remarkably.

Conflict of interest
The authors declared that there is no conflict of interest.
Acknowledgement

The first author thanks the LAEC members, Khorshid Fayaz-
manesh, PhD candidate, Dr. Claire McCague, postdoctoral fellow,
and Dr. Wendell Huttema, lab engineer, for building GLAP test
bed and preparing sorbent materials required to run the experi-
ments. Furthermore, the authors gratefully acknowledge the finan-
cial support of the Natural Sciences and Engineering Research
Council of Canada (NSERC) through the Automotive Partnership
Canada Grant No. APCPJ] 401826-10.

Appendix A

Based on Egs. (8)-(12), the following eigen-value problem can
be established [32].

1 dzg;;z( )} B2 Xin(1) = 0 (A1)
dxé_n;;‘)) ~0 (A2)
dX;j,;1(1) .. ch;l,;7 1) (A3)
_dxé%(” - Rlc(x‘"(” — Xan(1)) (A3)
Xom(X2/X%1) =0 (A4)

The following transcendental equation is obtained to evaluate
the eigenvalues.

v () o () e = () * i

1 ﬁnXZ ) < ﬁn > Klﬂn ( ﬁnxz )
t. t. - t
Ry, an <\/ 2X1 an Vih ViV, an VX1

xtan<\f/';_2>tan<fl’i_]>+Rc%tan<%;l>tan<jﬁ_z>:O
(A5)

Eigenfunctions associated with each eigenvalue are given by
Egs. (A6) and (A7).

i) = cos (Joc) (A6)

Xon(1) = Cap cOsS (\fl’l_zn> + D5, sin <\Z"T211> (A7)
- VI sin ( by )

Pn = flc]\//T(sm ( ) tan(/22) + cos (f_z)> (AS)

Con = —Dop tan ( \%‘;) (A9)

Assuming that initial condition satisfies Dirichlet’s condition,
this function can be expanded over the entire range of two layers
in an infinite series of eigenfunctions in the form:

= > _fXu(m) (A10)
n=1
Unity can also be expanded:
1= LXn(n) (A11)
n=1

Using the orthogonal property of eigenfunctions (Eq. (A12)),
Eqs. (A13)(A15) can be acquired.

0 for n#n’'
- ,ul /. Xin 1) Xa (1)1 = {const. forn=n' (A12)
1 m i Xiy1
S g Xl
1 )y
_ K1(T10 — Thex(0)) sin ( P )
Nyt BaT20 Vi
K2(T20 — Thex (0)) Bn X2 Pa X2\
" N/ BiT20 <C2n sin (\//sz1> D <COS <\/EX1> 1))
(A13)
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L L RE [ R/ Bu
IH_NZE a Xm(’?)dﬂ—ﬁﬁ—sm (\//Tl)

w i, (0 (i) o0 ()

1 KDy B B,
N i, (COS (\/,u_:iﬁ) - cos (\/—/Tz)) (A14)
N= ZK'/_ Xm(”l)dﬂ=%(l+2ﬂn sm(zﬁ"))
12 (2 1442 (Sln<jﬁ“)§i)— (%»)
2| 1 y0h a1 45 on () - s 3)
2
CZnDZn(COS (jﬁ_’g>_ (25..))
(A15)

Substituting Eq. (A16) into Eq. (8) and some algebraic manipu-
lation, Eq. (A17) can be derived.

0:(n, Fo) me ) (Fo) (A16)
dI'y(Fo) . dTyex (Fo)
~dFo T Paln(Fo) = —T—I — (A17)
£1 =S XalmT0(0) (A18)
n=1
I, (0)=f, (A19)

The answer to the above ordinary differential equation is

Fo'=Fo [_ _I* dTHEX(FO )

2 !
T e/ dFo’
o

[o(Fo) = e fifo [ fr 4 / (A20)

Fo'=0
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